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Dc-to-sinusoi verters are extensively em- 
itionin! systems in aerospace 
the availability of high-voll 
ower semiconductors, it has 
ut i l i ze  the pulse-width-sod- 

ique to  generate a voltage 
of a repeating pattern of 

es ~ihich is subsequently fil- 
ncy sinusoidal out- 
same amplitude, but 

dulated t o  vary in accordance 
rence. This paper is con- 

cerned with a malysis of the PIN volt- 
dependence of the amplitudes 

cs up to the nineteenth on the 
ge, on the sinusoidal reference 

soidal reference frequency 
equency of the dc - to- sinu 

given. TkJs informztion re- 
a f i l t e r  with a cutoff be- 

ow the switching frequency of 
ficiently attenuate a l l  

of the s i g n i f i o a t  harmonics. The paper supplie 
data v;hich ena the d2signer to choose param- 
eters such as  &nritchingg frequency, the q l i  
tude of the s i n w i d a l  reference, and the output 
f i l t e r  so t h a t  the efficiency and the s ize  and 
weight of the m y  be optimized. 
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A n  i l lus t ra t ive  PIN waveform with an unusually 
mal l  nmber of crossover angles and i t s  funda- 
nental component shotvn by the dotted curve are 
$ven in Fig. l (a) .  The waveform shorn is an odd 

. - - -. - -  - -- 
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Figure 1 (a) . PIN wavef orm for odd m. 
@) . PIN waveform for  even m. 

function with quarter-wave symmetry and thus can 
be expressed as  a series of sine waves containing 
only odd harmonics of the fundamental. Fourier 
analysis of th is  waveform shows that  the peak am- 
plitkle Vn of the nth odd harmonic is 

C u 
vn* = (4~/n~r )  [l - 2cqs n5 + 2 cos n0, -. . . 

- Zcos norni+ COSI~IT/Z)] 
I 

where n = 1,3,5, . . . ' Si?nce (1) contains m vari- 
ables 8 1 t o  em,. . i t  is thbre t ica l ly  possi6le by 

properly controlling each\> ~ d . s e  width to  eliminate 
m - different harmonics, e.g., t o  reduce V V , . . ., 

3'  5 
v,m+ I t o  zero. The principle of th i s  technique --- - 
has been utilized t o  eliminate the third and the 
f i f t h  harmonics. ' However, i f  th i s  technique is 
extended to eliminate addi'tional higher-order 



harmonics, the sophisticat ion needed to  control 
the successive pulses and the physical complexity 
of the control circuits  increase progressively, e objective of th i s  paper is t o  perfom a har- 

nic analysis of sine-wave-pulse-~~idth-modu- 
It is desirable to  employ a relatively simple 

switching control and .at the same time achieve a 
size and weight reduction through high-frequency 
operation. One my  th i s  'can be accomplished is by 
using a ma1 1, external ly  -generated s inuso idal 
reference of the desired fundamental frequency F - 
t o  modulate the widths of successive pulses t o  
produce a waveform similar t o  Fig. 1 (a). "r For a 
zero amplitxde of sinusoidal reference correspond- 
ing to  no pulse-width modulation of the output, 
the output-voltage wavefom consists of identical 
symnetric square pulses of constant frequency f . 
For a nonzero sinusoidal-reference amplitude, n e  
widths of successive pulses are controlled by var- 
ious techniques t o  vary i n  accordance with the 
given reference. In t h i s  type of configuration, 
the angles 0 to 6, are  no longer adjusted indi- 

vidually t o  eliminate selected harmonics, In- 
stead, for a certain amplitude of the sinusoidal 
reference, there is  a unique set  of crossover 
angles e l ,  0,,8 2 , . . .  em. IYithout individual con- 

t r o l  of each-angle, the complexity of the control 
circuit  i s  reduced. On the other hand, since the 
angles are not specifically chosen to eliminate 
any particular V,, these harmonics can no longer 

-- 

be expected to  vanish. A low-pss f i l t e r  with a 
cut-off frequency that is significantly higher 
than the fundamental reference frequency is used 
i n  the output to attenuate to negligible levels 
the harmonics p~mduced by this  method. 

ted wavefbms of the type shown in  Fig. 1. The 
alysis focuses on. calculating the amplitudes 

V , V , . . .V of the  fundamental and the odd 
A 3 5  1 9  
mnonics, as these normally are the ones of 
reatest practical concern. These amplitudes are 
elated to  the fundamental frequency F, t o  the 

tching frequency f of the symmetriy pulses had 
modulation been Zero, and to  a quantity de- 

ed l a t e r  as the amplitude ra t io  bl/E. With the 
id of a digital  canputer, the ra t ios  Vn/V, fo r  

ifferent M/E as functions 0.f f/F have been cal -  
ilated and are plotted in the form of curves. 
Lso detemined and plotted as a function of f/F 

the natural frequencies of L-section f i l t e r s  
ded t o  attenuate any remaining hamonics t o  
tain specified percentages of the fundamental 
litudes. These results  can be employed t o  fz-  

i l i t a t e  the selection of a witching frequency, 
and an amplitude r a t i o  ;+I/E for  an inverter hav- 

ng certain specifications on its fundamental 
utput frequency, amplitude ratio, efficiency , 
nd its harmonic content. 

In the following presentation, the c i rcui t  
esd to  generate output waveforms similar t o  Fig. 

is  described f i r s t .  Computer analysis of the 
xnnonics is then carried out to establish the 

onic amplitudes as functions of the anplitude 
t i o  N/E and the frequency ra t io  f/F. These re- h ilts are  *hen used tc detembe  t l ~ e  low-pass- 

I t  becomes evident la ter ,  when the data f r m  
the computer-aided analysis is  presented, that it 
i s  possible when employing PlLhI techniques t o  keep 
the mgnitude of the lower order hamonics of the 
fundmental frequency small simply by choosing a 
switching frequency that  is  very high. However, 
choosing an extremely high switching frequency 
does not solve all of the problems of the designel. 
Higher switching frequencies increase the losses; 
consequently, i n  th is  type of dc to sinusoidal in- 
version, e f f i c i e ~ c y  and hannonic content are 
trade-offs. To achieve the best overall perfor- 
mance of an inverter with a given set  of specifi- 
cations, a compromise must be made. This canpro- 
mise requires information concerning the variation 
of the amplitudes of the harmonics with the c i r -  
cu i t  parameters. The fundamental component of the 
output waveform is  known t o  increase rather l in-  

ence. Information concerning the variations of 
the amplitudes of the harmonics with the amplitude 
of the sinusoidal reference and with the switchir 
frequency f has not been available and is pre- 

I 
early with the amplitude of the sinusoidal refer- 

sented i n  %S paper. 

Since rather stringent limitations are nor- 
mally imposed on the allowable harmonic distortion 
of the ac output voltage, the prediction of the 
amplitude of each of the 1 ow-frequency harmonics 
i s  very important in designing dc- to -sinusoidal 
inverters using pulse-width-modulation technique: 

i l t e r  natural frequencies Fo as functions of f/F. 

ese functions are expressed explicitly i n  the t nn of curves so that  they can be employed read- 
y fo r  design purposes. Fran these results  of 

Frmonic content, .guidelines are presented rihich 
~d the designer m selecting the c i rcui t  param- 
ters. ' 

I Inverter Circuit 

The inverter c i rcui t  s h o ~ n  in Fig, 2 is used 
o generate a sine-wave-inodulated output waveform 
War in form to those shotin in Fig. 1. The 
i rcu i t  has been described in Ref. 3, and there- 
ore is reviewed here only briefly. It  provides 
1 open-loop -re,dat ed low- f requency sine wave 
ithout the need of ei ther a power transformer or 
fundamental-frequency f i l t e r .  ?he inverter is  

mposed of a High-Frequency Q~lse-Width hlodula- 
)r wifh four output windings 55 t o  N8 which sup- 
ly base drives t o  four power transistors 43 t o  
5 in the Bridge Chopper. Direct voltage E i n  

~ n j u n c t i o n  with a sinusoidal reference M s in  ZrFt 
i-s used t o  supply each half of the pulse-width 
modulator. If M is zero, the modulator would be a 
symmetrical mulSlvibrator; the frequency of its 
spmetr ic  output pulses would be 

f = E/4NDS (2) 

%ere N is the number of turns fo r  winding N l  as 
i ve l l  as N2, and flc is the saturation flux of  

3 

core Tl. The sinusoidal reference 
t h  amplitude hl<E and frequency F which is - 

' 1' 



normally much less  than f is used for  the nndula- 
t ion purpose. Then 42 conducts during ,the time 
interval Bk - l/ZnF t o  0 /2nF, which corresponds to 

k 

High-Frequency Pulse-Width Modulator - 1 
I 1: Bridge Chopper 

Figure 2. Schematic diagram of a sine wave 
PlM inverter. 

angles Bk-l and Bk in Fig. 1, voltage vN2 across 

wi~ding N2 is bl(sin 2nFt) - E. Ithen Q1 conducts 
subsequently between Bk/ ZnF and $k+l/ 2nF, voltage 

v ~ l  across N 1  is M(sin 2nFt) + E. Analytically, 

j 
8 k/27TF 

(E - M sin 2nFt)dt = 2NgS 

'k-1 

and 

p1'2"F (E + M s in  2nFt)dt = 2NgS 

Since ~lormally F<<f, many high- frequency pulses 
are thus generated i n  each of the windings N5 t o  
N8 within a fundamental period 1/F of the sinusoi- 
dal reference. The amplitudes of these voltage 
pulses form sinusoidal envelopes proportional t o  
M (sin 2nFt) 2 E on N, and N, and the widths of 

successive pulses vary inversely with the ampli- 
tudes of the envelopes. These pulses are then 
used to control 43 to 46 of the bridge chopper. 

2 and 1 has the pattern of alternating pulses with 
amplitude +V as shown i n  Fig. 1. The fundamental 

I frequency of g, is - F. A small low-pass f i l t e r  is 
inserted betwe% terminals 2 and q and the  load to  
provide the desired fundamental sinusoidal output 
voltage. 

. - Hamnic  Analysis 

A s  can be seen from the winding polari t ies  
shom in Fig. 2, these control pulses cawe 43 anc 
46 to conduct with 42. With input voltage V 
across hie of the bridge terminals, the unf i l t e re  
output voltage v across the other two terminals 

P9 

In order to perform a Fourier series analysis 
of the output voltage wave v and determine its 

W 
hanonic content, it is nec&;ary that  the wave 
be periodic. In the general .case, the PIC1 modu- 
lated wave vm may have a period which is not an 

integral muli$le of the period of the modulating 
voltage 31 s in  2nFt. Such a case presents no the- 
oretical difficulty but can lengthen considerably 
the time required to carry out practical calcula- 
tions. For th is  reascln and since ample,design 
&ta  can be obtained, only two special cases a re  
studied. Both require that  the modulated wave 
possess quarter-wave symmetry. Figure 1 i l lus -  
t ra tes  these two cases: Fig. l (a)  shows v W having 

an odd number m of crossover angles in  IT/^ and 
Fig. 1 (b) shows the si tuat ion when v P9 has an even 

- - 
number m of crossover angles in  ~ / 2 .  In both 
cases, fhe f i r s t  step i s - t o  caiculate values of 
the crossover angles 8 , e2, 0 , , * * -  f o r  a 

given s e t  of E, 31, F, and volt-second capacity 
D = 21jms of core T l .  In generai, n/2 may occur 

anywhere between 9, and The desired quarter 

wave symmetry requires that  (0, + 6m+1)/2 = n/Z 

which is obtained mathematically by adjusting 
slightly, using linear extrapolation, the numeri- 
c a l  value of the parameter D. A s e t  of crossover 
angles are computed fo r  each new value of D un t i l  

(% + em+l )/2 = IT/Z and the resulting modulated ' wave is then analyzed and put into the  Fourier 
series form 

v = C vn sin nut' 
- 

where n = 1,3,5, ... 
A single Fourier analysis can be performed for 

both cases, m odd and m even since the only dif  - 
ference i n  tKe Fourier-coefficients for the tw 
cases is in the number of terns i n  thei r  series.  
The analysis then yields 

* ,+ (-I.)~+' cos n n/2] . " 
as a general e,qression for the peak voltage Vn of 



- 
the nth harmonic of the P1Gl k~vefom. ' 

the harmonic which they represent. 
Results 

In interpreting the data of the figures it 
The amplitudes of the funlamental and i ts odd 9- 

uld be particularly noted that the plotted 
harmonics up to the 19th were calculated by d ig i  lnts a re  connected by straight  l ine  segments 
tal computer according to  (6) for both cases slr her than smooth curves t o  emphasize the f a c t  
i n  Fig. 1, i.e., when m is odd and when m is eve t computer resul ts  were obtained only a t  cer- 
For each value of f/F f i e  condition that- discrete f/F rat ios.  Although it is evident 

) / 2  = .rr/2 was sat isf ied by adjusting D am the figures t h a t  the absolute-value ampli- . - .- - - 
cem + 'm+l E d e s  Iv,/v~ I of many of the harmonics fluctuate 
These calculations were made with E = 10 v o l t s ' m q  
1.1 = 5, 7,  and 9 volts. The resulting da- are  gnificantly especially fo r  small values of f/F, 
shorm plotted for c la r i ty  i n  i ~ o  figures for each k e  computer solutions show that  the Vn of certain 
value of bl/E: i n  Figs. 3(a) and 3(b) for  bi/E.= I rmonics a re  negative and that others actually 
0.5, i n  Figs. 4(a) and 4@) for hI/E = 0.7, and in lange sign passing through zero a t  certain values 
Figs,S(a) and S(b) for M/E = 0.9. E f/F. It  is  t h i s  property that allows the re- . 

c t ion  of a particular harmonic to zero amplitude 
A curve fo r  the fundamental voltage V in eacl proper selection of the crossover angles ek as 

L 

case is not plotted because the data indicate tha 
V is independent of f /F  and is l inearly related 

1 
1 

t o  both I\I/E and V by the relation 3 

scussed i n  Ref. 1. The data points correspond- 
g t o  negative values of V n are shown with c i r -  

es surrounding the harmonic number. A more ex- 
.t portrayal would show the \vn/VI I curve going 

The' actual data points are indicated by the nume 

(a) 
Figure 3.  

zero amplitude a t  some f/F value each time 
r e  is a change i n  sign.' But since th i s  c r i t i c -  

-tuned property is not being used, data points 
Lve simply been connected by straight l ine  
- _ _ _ _  _ _._l_..-__r_ _ - . - __ - -  . ._ 

- . - .  i 

Harmonic content 



segments t o  emphasize only the  major trends, 

I t  can be concluded from an examination of the 
three figures t h a t  every harmonic from the third 
through the nineteenth for  each value of bI/E has 
an appreciable amplitude fo r  small values of f/F 
but that  as f/F is  increased the lower-order har- 
monics one by one i n  turn decrease sharply. These 
curves, therefore, support the ear l ier  statement 
that the harmonic content can be kept extremely 
small f o r  a given amplitude ra t io  >i/E and funk- 
mental frequency F by choosing a very large 
witching frequene - f .  

I t  can also be seen by comparing corresponding 
figures for  different values of ll/E that the cor- 
responding harmonic amplitudes a t  given values of 
f/F nonnally become much greater as the amplitude 
ratio'bl/E is increased. The harmonic content may 
be kept small by minimizing I\I/E; but, a t  the same 
time, the input voltage V must be increased ac- 
cording t o  (7) i f  the output voltage is t o  remain 
the same. Consequently, in  order to  obtain a de- 
sired V with smaller harmonic distortion, it is 

1 

advantageous t o  use a relatively high input volt- 
age and a small amplitude ra t io .  Fortunately, the 
selection of a close- to-unity amplitude - ra t io  M/E, 
. - . - 

as 0.9, is becoming less  necessary since high 
fast-switching power transistors with 

age ratings to 400 volts  are becoming readily 

/ addition to having minima. the amplitudes 
I ertain hxmonics are seen to have maxirun val- 
ue which can be greater even than the amplitude 
of rhe fundamental. Because of this ,  the designer 
IEL t exercise a certain amount of caution i n  se- 
l c  ting the cutoff frequency for the output f i l t e r .  

1 order to aid the design, computer calculations 
wr e made to  determine the normalized natural fre-  I -- -ties Fo/F = 1/(2nF m] of each simple ideal 

on f i l t e r  that  r ~ ~ u l d  attenuate each har- 
rent a t  a amplitude to within a specified per- 

ied frequency r a t i o  f/F. From th i s  s e t  of 
frequencies, ths lowest was chosen so as 

rantee that  a l l  s f  the harmonics would be 
ted to within the specified percent. These 

ations were performed for the same frequency 
a t  which the harmonic amplitudes had been 
ted and for percentages of 1, 2, 3, 5, 7 ,  

10.  The attenuation characteristic of an un- 
ed f i l t e r  assuming ideal inductive and reac- 

e components, i.e., zero damping, was assumed 
r~rder t o  assure sufficient attenuation, since 

--- . --.- - - - ---- . 

bl 
Figure 4. Hannonic content : 



any danping caused by nonideal-components and the 
load increases the attentuation. ' The resulting 
nomalized natural frequencies F,/F are plotted h - 
Figs. 6, 7, and 8 a s  functions of f/F. The num- 
bers on the curves indicate the actual calculated 
data points and the order of the harmonic whose 
amplitude determines the required natural frequeni 
cy for  the f i l t e r .  An L-section f i l t e r  with an FA 

q 
selected f r m  these curves i n  most cases guaran 
tees that each odd harmonic up to the 19th be l e s  
than the chosen percentage a t  the chosen f/F. I t  
is possible however, that a harmonic of frequency 

i 
near Fo may have, between terminals E and q, an 

amplitude considerably lower than the percentage 
required by the output specification; but this 
same harmonic, due to the resonance characteristic 
of the f i l t e r  with very small damping, may be 
larger a t  the load terminals than the amplitude o- 
the harmonic which dictated the selection of Fo. 1 - 
Usually &ifficulty of this sor t  can be circumven- 
ted by using a l a g e r  value of L and a smaller 
value of C still  for the same Fo. I 

I t  is worth~zihile to point out that  .for M/E 
0.5 and 0.7 in Figs. 6 and 7, there is a frequellL 
ra t io  above which the normalized natural frequen d 

(a1 
Figure 5. Harmonic content a 

D 
/F increases very rapidly. A frequency ra t io  

lightly greater than th i s  value is beneficial 
ram the viewpoint of reducing the s ize  and 
eight of the f i l t e r ;  however, the inverter 
witching losses may becane intolerable limitine 
he operation t o  a .&naller f/F. The curves foru 

I/E = 0.9 i n  Fig. 8 show a much l e s s  pronounced 
i s e  in Fo/F and the curves are shifted to higher 

.dues of f /F  vrhich indicates again tha t  harmonic 
~ l i t u d e s  are  much greater near unity bI/X for  
pecified values of f/F. It can also be seen 

k t the order of the harrnonic which determines 
f i l t e r  natural fkequency, increases with f /F . 

'igures 6, 7, and 8 can be of pa r t i cda r  value 
o the designer when a small frequency r a t i o  f/F 
r a large amplitude ra t io  hI/E must be employed. 
b r  example, if it is necessary that X/E = 0.7, 
'/F = 20, and the harmonic aqplitude of each har- 
~ n i c  p t o  the 19th be less than 1 0  percent, 

then the designer can use Fig.  7 to  se lect  a f i l -  
e r  with Fo = 5F. 
- -  - 

~cper imekal  data on hannonic tint ent and 
cane examples of the output f i l t e r  design were 
aken t o  verify the computer results .  Close 
.greenlent between experimental and computed re- 
u l t s  was obtained consistently. One - - example 

.- - - -  

I 
- - - 

6) -- 
nction of f/F with N/E = 0.9. 
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Figure 6. F i l t e r  design curves for  M/E = 0.5. 

i l lustrat ing the experimental data taken i s  give- 
i n  Figs. 9 and 1 0  in the form of s p e c t m  bar 
graphs for EI/E = 0.5 and f/F = 21.72. Fig. 9 
shows the harmonic content of the unfiltered sine- 
wave-modulated PV&1 wave V as  measured with a 

P9 
s p e c t m  analyzer, and Fig. 10 shows the measured 
hannonic content af ter  the insertion of an L-sec- 
t ion f i l t e r  for  the case of Fo/F = 3.69. These 

results  canpare favorably with those predicted by 
Fig. 3 for the individual harmonic amplitudes and 
with Fig. 6 for the order of the maximum-amplitud 
harmonic and the percentage of the hannonic a t  

amplitude of the third harmonic a t  the output of 
the f i l t e r  is  four percent vinereas i ts amplitude 

load. The experimental results  also show that  

a t  the input of the f i l t e r  is not detectable. 
This i l lus t ra tes  what was dispssed ear l ier  that 
lower-order harmonic in the v&inity of the naturl 
a1 frequency of the f i l t e r  m y  actually be ampli- 
fied. Therefore, consideration of th is  effect 
should influence the selection of the L and C t o  
obtain the necessary F,. 

Conclusion 

In this paper, a computer-aided analysis has 
been made on the harmonic content of the output o: 
a dc-to-sinusoidal inverter employing a pulse- 
width-modulated waveform. Results obtained indi- 
cate tha t  the fundamental component changes rathe. 
linearly with the amplitude rat io W E  and the in- 
put voltage V and i s  independent of the switching 
frequency-t o- fundamental- f r  equency ra t io  f /F . In 
contrast to  the fundamental amplitude, the ampli- 
tudes of the  odd harmonics increase very signifi-  
cantly with the amplitude rat io N/E. Consequent1 

1 1 ~ i ~ u r e  7.  Fil ter  design curves for  ZI/E = 0.7. 

'I- 

7 .  " - 
., - 

Figure 8. F i l t e r  design curves for >1/E = 0.9. 



f r m  the viewpoint of reducing the harmonic con- 
tent, it is quite undesirable to  use an amplitude 
ra t io  tha t  is close to unity. I t  was found that 
the harmonic amplitude variation with the fre-  .. 
quency ra t io  f/ F was highly nonlinear with peaks 
and valleys. Therefore, simply choosing a f i l  
t e r  cutoff frequency slightly below the switching 
frequency could easily be insufficient t o  attenu 
a t e  a l l  the significant harnonics. For these 
reasons, the curves presented in th i s  paper which 
give the harmonic amplitudes and the natural fre-  
quencies of the L-section f i l t e r s  which attenuate 
the harmonics t o  fixed percentages of the  fun&{ 
mental amplitude are very useful i n  providing in- 
formation to  be used in  optimizing the design of 
sine-wave PI$\! inverters. 
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